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2.1 Mean Value
Theorem

" Mean Value Theorem

If f(x) is continuous on [a, b] and differentiable on (a, b)
then there is a ¢ such that

f(b) — f(a)
b—a
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5.1 Mean Value Theorem

622 + 122 and let ¢ be the number that The HVT Sh*"ﬁ H’Ql‘ {Or (2] [‘UﬂOinﬂ

Let f(z) = =3 —
satisfies the Mean Value Theorem for f on the interval ContinvovS oOn f@,bj onol differentiapie
0, 3]. On (a,b), there exisls a valve ¢ such
oy
What is ¢ ? acceb o Sope ﬁom
anol tb)- F(ou) Qrop &
() Since the pdg\omia\ C(x) is Rk C =
Continvous differentiable on CO 3], the Mur applies.

We can bind  EB)-€l) qnd €'(c) and egual Hem to each other
b__

bo findl ¢ . This soumds semi conﬂusmg, but yau“ see how easy /fis!

@ LCI/ b)=- (0,3}, 0=0 b=3
Fo) +@) | £2)-F0) _ 27-60h3)-0 - 2754436 . g
b-a 3-0 5 3 31

® F(x)7 352106612 0l =332+
@ Flo)- €O F) 220,223 = 3120¢4:0-2 > Ycr3=0

sl P (c-B)c-)) =0
|
S&:E c=3,1

Since Qcceh y 0<ce3 / cZ3 so|c=llis the only Qnswer.




5.1 Mean Value Theorem

t_ X

/
Let h(z) = log,(z). h’ ()() =1 th a solvfion R=C por QLC(.'-b by ]'he MVT
1%
Can we use the mean value theorem to say the 1 h U) |5 con hnuous on [Q b’) [|I 2]

equation h/(z) = 1 has a solution where 1 < z < 2?

Q h(x) is differentiaple on (a,b) "(‘1
3 (0Le) (@A ) (o). M)

/ @ log,(x) is delned for [),2),s0 Hms (ondnﬂon is met
® Since log, (x) s olefined anol smooth on (},2), this condlition is mek

F(2)- (?lu) - lotafz) - - _L;IQ_-; 1,30 this condilion 15 met-
2- 2-|

Thfre loe, we can vse the MVT josqy the eguaton W=l has o solutien where
Lxcl
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.= Extreme Value
A Theorem
Graphical Representation of

Extreme Value Theorem If a function f is continuous over the interval [a, b],
then f has at least one minimum value and at
least one maximum value on [a,b].

)= It is essentially saying that a function continuous
on an interval must have one value that's the
highest (max) and one that's the lowest (min).

f(d)H




5.2 Gritical Points

The critical points of a function is
where the first derivative = O or is
undefined.

All local (relative) extrema, or extrema
that are not the endpoints, occur at
critical points.

Remember: not all critical points are
min/max, but all min/max happen at

critical points.

To find critical points, just set f'(x) = O

05
(0,0)

0.5




A 5.2 Gritical Points

L has cyiticad, P""”LS where its brst glervadive s O or undelingf

Let f(z) = - 21 i The ('ch\'loh E must alse be de{:’ned af- those points.
2 —
(C 0= (1Y - -2
Where does f have critical points? \of numerater (x%-4)

&6\0 O C'10 =0 at -2x0 x=0 oand is unoehined af

D=0 x24=0 xE Y x=td. However, since Hheog.
F is undlefined ol x=%2, the only criticad pomtis X=O. \

T (o




2.2 ENCreasing
or Pecreasing?

% A function is increasing when the first derivative
IS positive, and decreasing when the first
derivative is negative.

Remember that derivative is just the slope of
the tangent line at a point. If the slope of a
function at a point is negative the function is
decreasing. If the slope at a point is positive,
then the function iIs increasing.
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2.2 Zncreasing or
Decreasing?

Let g(z) = —x° + 42* — 5.

On which intervals is g increasing?

% @ Find  cnhcal Fulnls: 9’(;0:-3)(1,_ x5 -6 -0 = Ax2- 85*5-:‘0 2 Bt 3-S50
Dx(x-1)-95(x-1) =0 =2 (x-D)(?Hx-5)=0 = x:l,%

@ Moke inlervals and ‘est which are imreablns Iolccmsmg based on sigh 0/ the dervative
ak a point on the inlerval:
Tntervas: (~,1),(1,2)(5,0) Testing point wilhn (<,1) =0
-— D e b q'l0)=-3(0)*+8(0) S = -§ “hePinve 4
& \ +—{ = < ole Hodia 1)
.5 i s Y le C’ﬂ’Qﬂms WIH\In ("‘d’/
3 ‘). Teg In Poiﬂ\‘ wn’lhin (11 %) K:% Posih'up
g'(4)="%3) B (F) 5z -AF ju-s LT
3 1S incveasing within (11__,;{.
Teshing pant within (%} *) x=2 Jvegatie
(.3'12.\ = -3(Y4)* 8(2)-5= -|2+\6-6= Y-5=-|
q is olecreasing within (3 o)
So, gis Mcreasng only within (i, 3 or 1<4xc%




5.4 First Perivative Test for
Local Extrema

The goal of the first derivative test is to find local extrema (max or min). We
can determine if a critical point is a max, min, or neither by looking at the sign
of the derivative on either side of the critical point. Here Is the visualization:

First Derivative Test

Local Maxima Local Minima



5.4 First Perivative Test for
Local Extrema

1.Find all critical points and make intervals based on those. Plot the intervals
on a numberline.
2.Test a point within each interval to determine the sign of the derivative
within each interval. Each interval will only have one sign. If an interval were
to have more than one sign, it would have to pass through O which we
accounted for by plotting our critical points.
3.Determine if max, min, or none:
o |t derivative goes from + to -, the critical point in the middle is a max.
/@o f derivative goes from - to +, the critical point in the middle is a min.
o If the derivative doesn’t change signs, the critical point in the middle is
neither a max or min.

¢ X




5.4 First Perivative Test for Local Extrema

Let f be a polynomial function and let f’, its derivative, @ c hq& a velaHve wmaximum uuhere e deﬁvqh'\,@

be defined as f'(z) = z*(z — 2)(z + 3). SOES me g ‘l‘O - ,or p 3093 ‘} om 'iﬂcmsms ‘o Chﬁwy >\<
At how many points does the graph of f have a YOU can ViSUG“’ZE l ‘- hke ms*.
relative maximum ? C@“\ £ )
- OO a0 ck’crfasm?,
x 0¥ - dervofive.
0, For the derivative to go Lrom v 4
v fo -, ik must pass throvgh 9, so £ 2
we finol al points where ~ € (x) =0 / \
This occurs when x=0,2,-3 Y Yy

J
O, Make a numberline and find where Fhe dervative s positive and Heaqﬂu!e @

E(Q A LEEXIEN Testing infervat  (~#,3) w/ x=-Y
=2 0 2 ‘1) = (“q)q('é)('l) redluce o Signs  Sinee thats whaf
_ C-Y(-) (=) we care about
Ieﬁ\‘ins interval  (02) wl x>\ (V) () = + Jincreas{ng
NI EO NS ~
(N (-)+) = -, cecreasing 'G‘S“ns ntervel (3,0) wl x= -
/% C 0= (-DV(-3)(2)
-)4 () (+)
Testing interval (2,4) w| x=3 (e) )(+) ==, decreay@
£ (B= (R (N(Y)
v (+)" ()(+) = *, increasing
K__ O Smce G goes from +to - ot %2-3, thalt’s where Fhe velatve max occwrs.

There is only one relatie max.



5.5 Gandidate’s Test for Global Extrema

This test refers to the “candidates” for being global maximums or minimumes. >
Global just means overall maximum or minimums. There might be a few relative
max or mins, but there's only one max that's greater than the rest or one min
that’s smaller than the others.

The candidates we have to evaluate are the critical points and the endpoints.
For a closed interval, we evaluate the critical points and the endpoints and @
compare their f(x) values to find the greatest and smallest f(x) values, giving us

our min or max.

For an open interval, we evaluate only the critical points, since infinity is not an
endpoint we can evaluate at.

Y £ X



5.5 Gandidate’s Test for Global Extrema

et g(e) =2 — 122 +7. We use Candidate’s Test wl canditales bEIYlg Yhe endpoin’rs
The absolute maximum value of g over the closed aﬂd M‘JH“ min Imm 5. We mch o '\'Gbk w! these
interval [—4, 5] occurs at what z-value? Cana/lalaifs omol CoMmpare them to Fﬂlo‘ the ﬂmw and
Smallest Vvalves.
D Findt velaive wmin/mox* (3’(;0’?— Px*-12L =O ecnticol poin¥ >
XM =0 =t ¢

X

(D Male ‘oble wl entical panis apol endlpoints: D

X g(_ﬂf—xq""z" +7 3(;&)
~ | gtz (M Z204=-648] =3 \065\
~2 [9tD=(Dn D3 =8| 93
2L 9 (D= (2P (=327 _qg o) \o\e
3, QL)= (9718000 92 | 050‘3

&” g %



2.6 Determining Goncavity
of Functions Over Their
PDomain

e The graph of a function is concave up when the
function’s derivative is increasing (second
derivative positive). Think of a concave up
function like being a cup able to hold water.

e The graph of a function is concave down when the
function’s derivative is decreasing (second
derivative negative). Think of a concave down
function like being a hill that can’t hold water.

e Inflection points happen when the second
derivative f'(x) = O and the second derivative
changes sign (concavity changes).
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2.6 Determining Goncavity
of Functions Over Their
PDomain

Concave
Up

Concave
Down




2.6 Determining Goncavity
of Functions Over Their
Domain (SD

K

ot f (i) =~ TS P ot 0f inblection ocwr when Yhe second dervati@ gronges
" Vol

For what values of x does the graph of f have a ﬁsns (noi‘ O‘(\IY mn p ()0 =0 )

point of inflection?

0= kb 42x% (= -42x” +210x 1 =0
x°- 5x4=0
Xx'(x-6)=0 X-=0,5

p”() ~T . \l
xﬁé ? Z 5 Smce %0 on\y char\sea s\sn at x5, +he Only inllection

poml s al x=56.
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5.7 Seconel Perivative Test
for Extrema

e |f the second derivative of a function at a critical
point Is positive, the critical point is a relative min.
If the second derivative of a function at a critical
point is negative, the critical point is a relative
max. (Only if the critical point is a min/max, not
neither. In other words, the derivative must
change signs at that point for this to apply.)




5.7 Seconel Perivative Test
for Extrema

e |f the second derivative of a function at a critical
point Is positive, the critical point is a relative min.
If the second derivative of a function at a critical
point is negative, the critical point is a relative
max. (Only if the critical point is a min/max, not
neither. In other words, the derivative must
change signs at that point for this to apply.)




perivatives (o !_

Let h be a twice differentiable function. One of these We can USQ _\;he cac‘\‘ \—hOI‘ ‘-he d‘e C Vo h fe 0“- an

graphs is the graph of h, one is of h’ and one is of h". 'e,\fer\ n OMjal |'5 [ ' Md vi‘ce oo f.SQ
Tad T ootci (ends 9o ofd ‘o different gign \nlinj H$)

| T s even (ends go to same Sgn wmbini ).
If%x So, IL mus} be H\e rwddle h' ().

I y ’ S\ﬂce ms h hqs sSgope 0 u‘lﬂ" ES
quogh hits A g S oine of TIT
erefere, m_.s h(£) ard Tis WX

Choose the option that matches each function with
its appropriate graph.




The goal of optimization is to represent a situation
with equations, then relate those equations and find
the relative max/min of the combined equation. There
are far better places that explain optimization, so I'll
just leave a practice problem here. Email me through
dianamoya@loopsofkindness.com for help if you
need!

(o
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2.10 Optimization P

An F}pen-topped glass aqu:arium with a square ba.se is Q) Label +h¢ d| Gﬂram %m e M'e [ w b&le} ’
déSllgned to holld 62.5 Cl-JbIC feet of water. Whatlst}?e ‘\-he le “h Und WIH'\ con bdl'h & s U‘VE Ife e‘bua“)
minimum possible exterior surface area of the aquarium? Vﬁ

not 1ell us ik the heish\‘ 3 the sgme,so

\eks give it it's own name,

® Wnol we know:
I Desigred to nold 62.5 M?, so Hhe volvme\ =62.5

V01urne. Oﬂﬂl Yec oy 15M s 9|\en by

O
V = (length ) L Hn)c M)
5 3 Since ouvr H\dw ".5/ we hone
\ = (8)(9) ) = gth = 625
® Subshihe e%uql ong. S.noe Surlace aren s o)l the surfoces acﬂeok . We o
th=62.6 " ph- 62 4 sides and one bottom (nojop snce H\e%

K

robem told ys its open-to
We can Sdbshituie h'@‘? nlo Pfach _side has awo sh and the bottom has
Mne Seeonol e,cbuahon area 8,50 all of them oulded vp,Sf=Hsh+s?

SA: Ygh+ &= ‘45(629) gt 2.3

25 0.0

T his slep ollows os Yo [ind Hhe
vrelotve yin ok SO | the next
/ Slep Since we owl\, ho»\e o worfy

olpovt one voyiade now .



, I X
® Find relolive min.  bind cnkiest poinvs
Sﬂ':_g_ﬁik'zs = » —250+23?’=0 = 5°=125 > s=5
5
Sﬂ' = 4+
s £ i D
Sinee SA' qoes c—mm5 - o * al 575, the relatve min s Yhere.
@ ?\03 in to SA

SA(5) = 250, (5)*: 80+25>|75 [F]
S




